is a finitely generated O X -algebra, then Y is realized as a GIT quotient of V := Spec X C(Y ) by the algebraic torus G := (C * ) ρ . We identify H 2 (Y, R) with χ(G) R , the R-tensorized character group of G. An element χ of χ(G) determines a G-linearization of the trivial line bundle L on V . The characters χ with the semistable locus V ss (L χ ) being non-empty generate a cone C in χ(G) R . In our relative setting C = χ(G) R . The cone C has a natural chamber structure with only finitely many chambers and each chamber is called a GIT chamber. Notice that if χ and χ ′ are in the same GIT chamber, then we have V // χ G = V // χ ′ G. By the identification χ(G) R with H 2 (Y, R), each GIT chamber corresponds to a Mori chamber.
In this article we identify H 2 (Y, C) with the base space of the universal Poisson deformation of Y and prove that Y is a relative Mori dream space from a different point of view. This observation conversely enables us to get interesting geometric informations on the universal Poisson deformation from the birational geometry of π : Y → X.
The symplectic 2-forms ω and ω Y respectively define Poisson structures on X and Y . Dmitry Kaledin began a study of Poisson deformations in [Ka] and [K-V] . In the subsequent works ([G 
Here the central fibres Y 0 and X q(0) are respectively Y and X and the induced map Y 0 → X q(0) coincides with π.
Put X ′ := X × H 2 (Y,C)/W H 2 (Y, C) and consider the induced commutative diagram
The maps Π t : Y t → X ′ t are birational for all t ∈ H 2 (Y, C) and they are isomorphisms for general t ∈ H 2 (Y, C). Let D ⊂ H 2 (Y, C) be the locus where Π t is not an isomorphism. Notice that D coincides with the locus where X ′ t is singular. It can be also characterized as the locus where Y t is not an affine variety. Then our main theorem asserts that (i) there are finitely many linear spaces
(ii) there are only finitely many crepant projective resolutions {π k : Y k → X} k∈K of X, and (iii) the set of open chambers determined by the real hyperplanes {(H i ) R } i∈I coincides with the set {w(Amp(π k ))} where w ∈ W and π k are crepant projective resolutions of X.
In the strategy of [H-K] some finiteness properties of Mori dream spaces are derived from those of the GIT chamber structures. In our point of view they are derived from the algebraicity of D.
The simplest nontrivial example of the theorem would be the following.
Example. Let X := {(x, y, z) ∈ C 3 ; x 2 + y 2 + z n = 0} be an A n−1 -surface singularity and let π : Y → X be the minimal resolution. Let E 1 , ..., E n−1 be the irreducible components of Exc(π). The 2-nd cohomology H 2 (Y, R) has dimension n − 1 and is generated by [E i ]'s. We introduce a negative definite symmetric form ( , ) on H 2 (Y, R) by the usual intersection pairings of E i 's. The subset Φ := {E := Σa i E i ; E 2 = −2, a i ∈ Z} of H 2 (Y, R) determines a root system of A n−1 -type. The Weyl group of Φ is isomorphic to the symmetric group S n . Thus S n acts on H 2 (Y, R) as the Weyl group. Moreover H 2 (Y, R) is divided into n! Weyl chambers. In particular, Amp(π) coincides with one of them:
Note that X has a C * -action (x, y, z) → (t n x, t n y, t 2 z), t ∈ C * and the symplectic 2-form
is homogeneous of weight 2 with respect to this C * -action. The universal Poisson deformation of X is given by
where (u 1 , ..., u n−1 ) ∈ C n−1 is the base space. Let us consider an n − 1 dimensional vector space V := {(s 1 , ..., s n ) ∈ C n ; Σs i = 0} and a finite Galios covering V → C n−1 defined by (s 1 , ..., s n ) → (σ 2 (s 1 , ..., s n ), ..., σ n (s 1 , ..., s n )). Here σ i are defined by
The Galois group of this map is the symmetric group S n acting on V by the permutation of s i 's. Thus C n−1 = V /S n . We put X ′ := X × V /Sn V . Then X ′ can be written as
The map X ′ → V can be viewed as an n − 1 dimensional family of surfaces. Define the discriminant locus D by
where
The family can be resolved simultaneously. The simultaneous resolution is not unique. Let us take one of them, say Y. Then we have a commutative diagram
contracts one smooth rational curve C ij to a point. By using the C * -action on Y we put E ij := lim λ→0 λ(C ij ) We may choose a simultaneous resolution Π :
We introduce a positive definite symmetric form on
as the restriction of the standard metric on R n . Define an R-linear isomorphism α :
. The map α preserves the symmetric forms up to a reversal of sign. Each Weyl chamber of
In particular, Amp(π) is mapped to a chamber surrounded by n − 1 rays
Here −n + i occurs i times and i occurs n − i times. We finally remark that the chamber structure of H 2 (Y, R) determined by Poisson deformations coincides with GIT chambers on Mov(π), but they differ outside Mov(π).
§2. Proof of Main theorem
Let π : Y → X be the same as in Introduction. The following is a fundamental fact on birational geometry proved almost thirty years ago. The symplectic 2-form ω on X reg identifies the sheaf Θ Xreg of holomorphic vector fields with the sheaf Ω 1 Xreg of holomorphic 1-forms. Moreover it induces an isomorphism
Xreg . By this isomorphism ω is identified with a 2-vector θ on X reg , which we call the Poisson 2-vector. The Poisson 2-vector defines a bracket on the structure sheaf O Xreg by {f, g} := θ(df ∧ dg) with f ∈ O Xreg and g ∈ O Xreg . By the definition this bracket is a C-bilinear form and is a biderivation with respect to each factor. One can prove that this bracket satisfies the Jacobi identity by using the fact that ω is d-closed. Thus X reg admits a Poisson structure. By the normality of X, this Poisson structure uniquely extends to a Poisson structure on X.
A
Let T be a scheme over C and let 0 ∈ T be a closed point.
A Poisson deformation of the Poisson variety X is a Poisson T -scheme f : X → T together with an isomorphism φ : X 0 ∼ = X which satisfies the following conditions (i) f is a flat surjective morphism, and (ii) { , } X restricts to the original Poisson structure { , } on X via the identification φ.
Two Poisson deformations (X /T, φ) and (X ′ /T, φ ′ ) with the same base are equivalent if there is a T -isomorphism X ∼ = X ′ of Poisson schemes such that it induces the identity map on the central fibre.
For a local Artinian C-algebra A with residue field C, denote by PD X (A) the set of equivalence classes of Poisson deformations of X over Spec(A). Then it defines a functor
from the category of local Artinian C-algebra with residue field C to the category of sets.
Assume that a crepant projective resolution π : Y → X is given. Then the symplectic 2-form ω extends to a symplectic 2-form [Wa] ). Moreover, the Poisson structure on Y determines a Poisson bracket on Γ(Y, O Y ). Thus we have a morphism of functors
We can apply Schlessinger's theory [Sch] to these functors to get the prorepresentable hulls R X and R Y . By definition R X and R Y are both complete local C-algebras with residue field C. Let m X (resp. m Y ) be the maximal ideal of R X (resp. R Y ) and put R X,n := R X /m n+1 X and R Y,n := R Y /m n+1 Y . There are formal semiuniversal Poisson deformations {X n → SpecR X,n } n≥0 and {Y n → SpecR Y,n } n≥0 . Moreover, for each n ≥ 0, there is a commutative diagram 
Here W acts linearly on H 2 (Y, Q) and the diagram is C * -equivariant. Each linear function on H 2 (Y, C) has weight l = wt(ω). For each t ∈ H 2 (Y, C), the induced map Y t → X q(t) is a birational morphism and it is an isomorphism for general t. Notice that Y 0 → X q(0) coincides with π : Y → X. The map Y → H 2 (Y, C) is a C ∞ -fibre bundle and every fibre Y t is diffeomorphic to Y . In particular, there is a natural identication of
and consider the induced commutative diagram
Here Π : Take a nonzero element α ∈ H 2 (Y, C) and consider the complex line A
We then get a commutative diagram
According to Kaledin [Ka] we call Y α → A 1 α the twistor deformation of Y determined by α. There is a relative symplectic 2-form ω Y on Y extending the symplectic 2-form ω Y on Y . Define ω Y α to be the restriction of ω Y to Y α . A remarkable property of the twistor deformation is that, for each t ∈ A 1 α , the 2-nd cohomology class [ 
α . Proof. Since Z has only rational singularities, we have an exact sequence
Recall This means that our twistor deformation induces a trivial Poisson deformation of µ −1 (U). In particular, Exc(Π α t ) = ∅ for all t ∈ A 1 α . Q.E.D. Let C ⊂ X ′ be the locus on which Π is not an isomorphism. The locus C can be also defined as the subset where g is not a smooth morphism. We define D ⊂ H 2 (Y, C) to be the closure of g(C). By Lemma 2, D is a closed algebraic subset of H 2 (Y, C) with D = H 2 (Y, C). We call D the discriminant locus for Π.
Proof. The codimension one face F defines a birational contraction map µ : 
There are only finitely many crepant projective resolutions of X.
Proof. Suppose that there are infinitely many crepant projective resolutions of X. Then we have infinitely many rational polyhedral cones inside H 2 (Y, R) corresponding to the nef cones of crepant resolutions. Note that the interior part of these cones do not intersect. The codimension one faces of these cones generates infinitely many complex hyperplanes of H 2 (Y, C). Since D = H 2 (Y, C), these complex hyperplanes are all irreducible components of D by Lemma 4. This is absurd. Q.E.D.
Theorem([BCHM]
). Let f : V → W be a Q-factorial terminalization of a normal variety W with rational Gorenstein singularities. Assume that f is an isomorphism in codimension one and ρ(V /W ) = 1. Then there is a flop
Lemma 6. Mov(π) is the union of the nef cones of crepant projective resolutions of X.
Proof. Assume that D is a π-movable divisor. If D / ∈ Amp(π), there is a codimension one face of Amp(π) such that the corresponding birational X-morphism φ 1 : Y → Z 1 contracts D-negative curves. Since D is π-movable, φ 1 is an isomorphism in codimension one. By the previous theorem we can take its flop φ 
Here the first inequality is a strict one by the choice of v. On the other hand, we have Y i = Y j and D i = D j by the assumption. This is absurd. Thus we finally reach
The following fact is pointed out by Braden, Proudfoot and Webster.
The group W also acts on X ′ and the map
For w ∈ W , we take the fibre product
We call Y ′ w the w-twist of Y ′ . Let {π k : Y k → X} k∈K be the set of all crepant projective resolutions of X. For each k ∈ K, we can construct the universal Poisson deformation
Corollary 7. Every Q-factorial terminalization of X ′ is obtained as the w-twist Y k,w of Y k for w ∈ W . In particular, they are all smooth.
. By the previous proposition and Lemma 6, H 2 (Y, R) is covered by the cones {w(Amp(π k ))}. Q.E.D.
Lemma 8. Assume that α ∈ D. Then there exists a crepant projective resolution
Proof. We may assume that α ∈ g(C). Then Π α : Y α → X in such a way that the corresponding birational map φ 2 : Y 1 → Z 2 contracts D 1 -negative curves. By taking the flop of φ 2 we get a new crepant resolution Π 2 : Y 2 → X ′ . Since there are only finitely many crepant resolutions of X ′ by Corollary 7, this process eventually terminates by the same argument as in Lemma 6 and the proper transform D n ⊂ Y n of D is Π n -nef for some n. Each map φ i induces a birational map φ i,α : Y i−1,α → Z i,α . Suppose that all φ i,α are isomorphisms; then the birational map Y − − → Y n is an isomorphism on a neighborhood of Y α . On the other hand, D is Π-negative around Y α and D n is Π n -nef around Y n,α . This is absurd. Thus Exc(φ i 0 ,α ) = ∅ for some i 0 .
By Corollary 7, Y i 0 −1 can be written as Y k,w with a crepant resolution Y k of X and w ∈ W . Let C α be a proper curve on
Let F be the codimension one face of Amp(Π i 0 −1 ) which determines φ i . Let H be the complex hyperplane of H 2 (Y, C) generated by F . Note that H = {x ∈ H 2 (Y, C); (x, [C]) = 0}. As (α, [C]) = 0, we have α ∈ H. Q.E.D.
Remark 9. The locus g(C) is invariant by W . By Lemma 4 and Corollary 7, if α ∈ H 2 (Y, C) is contained in the complex hyperplane generated by a codimension one face F of Amp(Π ′ ), then α ∈ g(C). Lemma 8 together with this fact implies that D = g(C) and that D coincides with the union of complex hyperplanes generated by 2) ), the first affine space A n is naturally identified with H 2 (Y, C). Moreover Theorem 1.1 of [Na 4] still holds in our case and q is a finite Galois covering. Thus the second affine space A n is identified with H 2 (Y, C)/W for a finite Galois group W .
